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How wonderful are the things the Lord does! All who are delighted with them
want to understand them.
—Good News Bible, Psalm 111:2

Abstract  The main goal of the paper is to show that commutative hypercomplex
algebras and Clifford algebras can be used to solve problems of multi-
color image processing and pattern recognition in a natural and effective
manner.
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1. Introduction

The concept of color and multispectral image recognition connects the
topics we consider in this work. The term “multispectral (multicolor,
multicomponent) image” is defined for an image with more than one
component. An RGB image is an example of a color image featuring
three separate image components R(red), G(green), and B(blue). We
know that primates and animals with different evolutionary histories
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have color visual systems of different dimensionality. For example, the
human brain uses three channel (RGB) images to recognize color (RGB)-
images. Primates have dichromacy and trichromacy visual systems, and
they can use various 2D and 3D channels for the same purpose. Non-
primates have monochromacy and dichromacy visual systems. Images
of such systems are real—or complex—valued functions. Reptiles have
multichromacy visual systems. For example, the tortoise visual system
has five types of color photoreceptors (R,G,B, DC,UV). Shrimps have
the biggest known dimension of the visual system. They use ten spectral
types of photoreceptors in their eyes to recognize fine spectral details.
Our approach to multicolor image processing is to use so-called multiplet
(multicolor or hypercomplex) numbers [1]-[7] to describe multicolor im-
ages and to operate directly on multi-channel images as on single-channel
multiplet-valued images. In the classical approach every multicolor pixel
(in particular, color pixel) is associated to a point of a kD multicolor vec-
tor space (to a point of a 3D RGB vector space for color images). In
our approach, each image multicolor pixel is considered not as a kD vec-
tor, but as a multiplet (triplet) number, and multicolor (color) space is
identified with the so-called multiplet (triplet) algebra. Note that both
these assumptions (vector and hypercomplex natures of multicolor im-
ages) are only hypotheses. We have no biological evidence in the form
of experiments that would verify that the brain actually uses any of the
algebraic properties arising from structures of the vector spaces or the
multiplet (triplet) algebra. It is our aim to show that the use of Clifford
algebras fits more naturally to the tasks of multicolor image processing
and recognition of multicolor patterns than does the use of color vec-
tor spaces. We give algebraic models of animals’ visual systems using
different hypercomplex and Clifford algebras. Our hypotheses are

1 Brains of primates operate with hypercomplex numbers during im-
age processing and recognition.

2 Brains use different algebras on two levels (retina and Visual Cor-
tex) for two general goals: image processing and pattern recog-
nition, respectively. Multicolor images appear on the retina as
functions with values in a multiplet kD algebra (k-cycle algebra)
where k is the number of image spectral channels. But multicolor
images in an animals’ Visual Cortex (VC) are functions with values
in a 25-D Clifford algebra.

3 Visual systems of animals with different evolutionary histories use
different hypercomplex algebras for color and multicolor image pro-
cessing.
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One of the main and interesting problems of information science is clar-
ification of how animals’ eyes and brain recognize objects in the real
world. Practice shows that they successfully cope with this problem
and recognize objects at different locations, of different views and illu-
mination, and with different degrees of blurring. But how is it done by
the brain? How do we see? How do we recognize moving and chang-
ing objects of the surrounding world? A moving object is fixed in the
retina as a sequence of different images. As in the famous aphorism
of HERACLITUS, who pointed out that one cannot step into the same
river twice, we literally never see the same object twice. No individual
image allows reaching a conclusion about the true shape of the object.
This means that a set of sequential images appearing in the retina must
contain a constant “something,” thanks to which we see and recognize
the object as a whole. This constant “something” is called invariant.
For example, all letters ‘F’ in Fig. 1 we interpret as the same for dif-
ferent geometric distortions.  This fact means that all geometrically
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Figure 1.  Geometrical distorted versa of letter ‘F’

distorted letters ‘F’ contain invariant features, which are not changed,
when the shape of ‘F’ is changed. Our brain can extract these invari-
ant features. In Fig. 2 we see hyperbolic (non-Euclidean) motions of
grey-level mice and color fish. All transformed figures are interpreted as
being the same. This fact means that all figures contain invariant fea-
tures with respect to hyperbolic motions (and color transformations),
and our brain can extract these invariant features from images, too. So,
we see, we live in 3D Euclidean space but our brain can calculate invari-
ants of images with respect to non-Euclidean transformations. In order
for an artificial pattern recognition system to perform in the same way
as any biological visual system, the recognition result should be invari-
ant with respect to various transformation groups of the patterns such
as translation, rotation, size variation, and change in illumination and



Figure 2. Non-Euclidean motions

color. The present work describes new methods of image recognition
based on an algebraic-geometric theory of invariants. In this approach,
each color or multicolor pixel is considered not as a kD vector, but as a
kD hypercomplex number (k is the number of image spectral channels).
Changes in the surrounding world which cause object shape and color
transformations are treated not as matrix transforms, but as the action
of some Clifford numbers in physical and perceptual spaces. We shall
present some clues that Nature gives us about the role and importance
of computing with hypercomplex numbers. We wish to review some of
the reasons why such a state of affairs is necessary from a computa-
tional point of view. One can argue that Nature has also learned to
utilize (through evolution) properties of hypercomplex numbers. Thus,
the Visual Cortex might have the ability to operate as a Clifford algebra
device. We don’t agree with KRONECKER that “The Lord created the
integers and the rest is the work of man.” We think that the Lord knew
Clifford algebras, and he was the first engineer who used these algebras
to design animals’ visual systems.

2. Clifford algebras as models of physical spaces
2.1 Algebras of physical spaces

We suppose that a brain calculates some hypercomplex-valued invari-
ants of an image when recognizing it. Hypercomplex algebras generalize
the algebras of complex numbers, quaternions and octonions. Of course,
the algebraic nature of hypercomplex numbers must correspond to the
spaces with respect to geometrically perceivable properties. For recog-
nition of 2D, 3D and nD images we turn the spaces R?, R3 and R” into
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corresponding algebras of hypercomplex numbers. Let “small” nD space
R" be spanned by the orthonormal basis of n space hyperimaginary units
L, i =1,2,...n. We assume

+1 fori:1,27---7p7
=4 -1 fori=p+1Lp+2....p+a,
0 fori=p+q+1lp+q+2,....p+q+r=n,

and I;1; = —I;I;. Now, we construct the “big” 2"D hypercomplex space
R?". Let b = (b1, ba,...,b,) € BY be an arbitrary n-bit vector, where
b; € By = {0,1} and B} is the nD Boolean algebra. Let us introduce
Ib .= Ii’l ISQ - I’ Then 2" elements I form a basis of 2"D space, i.e.,
for all € € R?" we have @ := ZbeBg cplp. If C1, Gy € R?", then we can

define their product €;Cs. There are 3" possibilities for I? = +1,0, —1,
Vi=1,2,...,n. Every possibility generates one algebra. Therefore, the
space R?" with 3" rules of the multiplication forms 3" different 27D

algebras, which are called the space Clifford algebras [8]. We denote

S

these algebras by AQ,{)(p’q’T)(R\Il, oIy, Agf(p’q’r) or Agf, if I1,...,1,,

p,q,r are fixed.

EXAMPLE 1 We start with the space R? and provide it with the algebraic
frame of algebras of generalized complex numbers: R? — As(R) :=
R+RI ={z =z1+1xs | x1,22 € R}, where I is a generalized imaginary
unit.

m IfI? = —1, e, I = i, then Ay(R|i) = COM = {x; + iz |
r1,22 € R;i%2 = —1} is the field of complex numbers.

m JfI? = +1, ice,, I = e, then Az(Rle) = DOU = {x + exs|
r1,22 € R;e? =1} is the ring of double numbers.

m [fI?2 = 0, e, I =c¢, then Ay(Rle) = DUA = {z1 + cx2|
71,22 € R;e? =0} is the ring of dual numbers.

EXAMPLE 2 Quaternions, as constructed by Hamilton, form the 4D al-
gebra Ay = A4(R) = A4(R|1,4,5,k) = R+ Ri + Rj + Rk spanned by
4 hyperimaginary units 1,i,7, k. The identities i* = j?> = k? = —1,
ij = —ji = k are valid for these units. i* = j> = k* = § € {-1,0,1}
can be set. Here, the two latter values (0 and 1) result in non-classical
quaternions that were proposed by Clifford [8]. Introducing notations
1,J, K for new hyperimaginary units, we get nine spatial algebras of
generalized quaternions, A4(R|1,1,J,K) = Ay =R+RI+RJ+RK
depending on which of nine possibilities resulting from I* € {1,0,—1},
J? € {1,0, -1} is valid for the two independent hyperimaginary units.
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Every generalized quaternion q has the unique representation of the form
a=qo+ql+qJ +qK = Sc(q) + Vec(a), where qo,q1, g2, q3 are real
numbers and Sc(q) = qo, Vec(q) := q1I + q2J + q3K are scalar and
vector parts of the quaternion q, respectively.

We can make A‘;ff, be a ranked and Z/2Z-graded algebra. Let r(b) be
the Hamming weight (= rank) of b, i.e., a functional r : B} — [0,n — 1]
defined by r(b) := Y1 | b;, and let 9(b) = r(b) (mod 2) be the grad of
b. Then Agf can be represented as the ranked and Z/2Z-graded sums
AP = P, Agjl and R* = @j_, Aég}, where the dimension of the
vector space Agﬂ equals the binomial coefficient C* and Y 7_, C* = 2n.
The dimensions of Aég} and A;}l} are equal to 2"~ !. The subspaces Agfl]
are spanned by the k-products of units [;, I;, ... I;, (i1 < iz < ... <
ix), i.e., by all basis vectors Iy with r(b) = k. Every element C :=

ZbeBg cpIp of Agff has the representations: € = €O 4 el 4 . 4 el
and € = €1 + {1} where €10 € AL is the scalar part of the Clifford
numbers, CH e A[li is its vector part, el e A[QQJ is its bivector part, ...,
el e Ag}} is its n-vector part, and, finally, C{% and {1 are even and
odd parts of the Clifford number €. If € € A, we put 9(€) = I and
say that [ is the degree of C. Multiplication of two Clifford numbers
of ranks k and s gives the sum of Clifford numbers from |k — s| to
p = min(k + s,2n — k — s) with increment 2, i.e., AFBl = ellk—sll 4
eli-s+2 ¢ |y el

2.2 Geometries of physical spaces
The conjugation operation in Agf Par) maps every Clifford number

C:= COIO‘i‘Zb;eo cpI, to the number € = COIO—Zb;ﬁO cplp. The algebras

A‘;ff (P47) are transformed into 27D pseudometric spaces designated by

GL‘;{) Par) o CLEP" if the pseudodistance between two Clifford numbers

A and B is defined by p(A,B) = \/(A — B)(A — B). Subspaces of pure
vector Clifford numbers z11 + ... + z,1, € Vec (A‘gf ) are nD spaces

R" := SfR;?p(p’q’T). The pseudometrics constructed in GL;{) (P.a:r) induce

corresponding pseudometrics in SiR;?p(pquT)_

ExXAMPLE 3 In As(R) we introduce a conjugation operation which maps
every element z = x1 + Ixo to the element z = x1 — Ixo. Now, the gen-
eralized complez plane is turned into the pseudometric space A3(R) —
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9@Sp(pqr) if one defines the pseudodistance as:
\/($2—$1)2+(y2—y1)2, ’LfZ E.AQ(R|i),
pz1,22) = § /(22 —21)2 — (y2 —91)%, if 2 € A2(R]e),
|IE2—561|, if z E.AQ(R|E),

where z1 1= (x1,x2) = x1 + L2, 22 := (y1,Y2) = y1 + Ly2. So, the plane
of the classical complex numbers is the 2D Fuclidean space SGSP(NO)

the double numbers plane is the 2D Minkowskian space SGSP (1,1,0)
Sp(1,0 1)

, and

the dual numbers plane is the 2D Galilean space GC, When one
speaks about all three algebras (or geometries) szmultaneously, then the
corresponding algebra (or geometry) is that of generalized complex num-

bers, denoted by Agp(p’q”") (or gegp(p,qﬂ“)}

ExAMPLE 4 In A4(R) we introduce a conjugation operation which maps
every quaternion q = qo + Iq1 + Jqo + Kq3 to the element § = qp —
Iq1 — Jg2 — Kqs. If the pseudodistance p(p,q) between two general-
ized quaternions p and q is defined as the modulus of their difference

u=p-q=t+azl+yl+:zK :ppa =\(P-alp—q) =

vuu, then nine spatial algebras A4(R) are transformed into nine 4D

pseudometrzc spaces designed as SJ'CSp(p T ), where p,q and r stand for

the number of basis vectors with squares 1,—1 and 0, respectively, and
P+ q+r=mn. Thus, the pseudodistance can take positive, negative and

pure imaginary values. There are only 5 different geometries 95{51) ),

GSP00) GgSp(220) Gqop(202) Gq5p(13.0) garSP(L2D)  The sybspaces

of pure wector-valued generalized quaternions xI + yJ + zK are 3D
spaces SZR?:(p’q’r) = Vec{SfHSp(p’q’T)} The pseudometrics introduced

m Sf}(fp(p’q’ ") induce only three different pseudometrics in SfRSp(p @ T)

VETFAT 2,
p(Vec{p}, Vec{q}) = [Vec{p — q}| = [Vec{u}| = \/_\/JU2 —y? - 22
x? = |z|.

They will be denoted by 99%51)(3’0’0) 95%51)(1’0’2), 99%51)(1’2’0). They form
Euclidean, Minkowskian, and Galilean 3D pseudometric spaces, respec-
tively.

All even Clifford numbers &g € A{ b of unit modulus represent the ro-
tation group of the corresponding space SIRSP P@7) which is called the

spinor group and is denoted by Spin (ASP P qr)). Generalized complex
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numbers and quaternions of unit modulus have the forms: ey =e!¥ =
cos p+1Isinp, Qo = e"¥ = cos ¢+ upsin ¢, where cos ¢ and sinp are
trigonometric functions in the corresponding nD SGEP(p’q’T)—geometries,
© is a rotation angle around the vector-valued quaternion ug of unit

modulus (Jug| =1, ug = —1g). Clifford numbers & € Spin(flgf(p’q’r)>
with unit modulus have the analogous form £g=e"¥ =cos p+ugsinp €
Spin (Agf @ ’q’r)> for the appropriate bivector ug

THEOREM 1 [8]. All motions in 2D, 3D and nD spaces SiRgp(p’q’r),

Sngp (P ’q’r), SIRSP @) gre represented in the forms:
z =eyzeg +w, %X = QoXQal +w, x = ongal + w,

where ey = el?/2, Qy = eM¥/2 &)= ¢M¥/2 gnd leo| = |Qo| = |Eo| = 1.
If |eol,|Qol, |€0| # 1, then the latter transformations form the “small”
aﬁﬁne groups AfF (gjzgp(pvqﬂ“)>’ Aff (93%51’(?#1#”))7 AfF (9:]%51’(?#1#”))7 re-

spectively.

Y Y Y
X X X
a) b) <)
Figure 8. Rotations in a) 2D Euclidean space 9@§P(2’0’0), b) 2D Minkowskian space

GesP 19 and ¢) 2D Galilean space GC5PH0Y,

Using this theorem, we can describe geometric distortions of images in
the language of Clifford algebras. These distortions will be caused by:
1) nD translations x — x + w; 2) nD rotations x — Ey(x + w)E;
3) dilatation: x — Ax, where A € R*". If f(x) is an initial image and

Aeowf(q) is its distorted version, then g wf(x) := f()\So(X + w)861>,
where A is a scale factor, x,w € SIR;fp (P:07) We suppose that the human
brain can use the spinor and “small” affine groups for mental rotations

(see Fig. 3) and motions of images (for example, in a dream), which are
contained in the brain memory on the so-called “screen of mind.”
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3. Clifford Algebras as Models of Perceptual
Multicolor Spaces

Early in the 19th century YOuNG (1802) proposed that the human
visual system contains three color mechanisms. This theory was later
supported by HELMHOLTZ (1852) and became known as the Young—
Helmholtz theory of color vision. Later, HERING (1878) proposed that
color vision is mediated by red-green and blue-yellow opponent mecha-
nisms. Thus, for a time it appeared there were two conflicting theories
of color vision. As a result of experimental work, it has since become
recognized that the two theories describe different levels in the visual
system. In agreement with the Young—Helmholtz theory, there are three
photoreceptor mechanisms, i.e., cone types, in the human retina, and,
in accordance with Hering’s theory, there are color-opponent neurons at
higher levels in the VC. The multicomponent color image appears on the
retina as the kD vector

J1(x) f/\SZZi(A,X)Hl()\)d)\
oo = | 209 | = | LSTA0mMN | )
fk(X) f)\ SObj()\,X)Hk()\)d)\

where S°%(),x) is the color spectrum received from the point x of an
object and Hy(\), Ha(M), ..., Hi()\) are sensor sensitivity functions. We
give algebraic models for two levels (retina and VC) of visual systems
using different hypercomplex Z/kZ-graded Clifford algebras.

3.1 Algebraization of the Young—Helmholtz
model

3.1.1 The Young—Helmholtz model of color images. We
shall represent RGB-color images that appear on the human retina as
triplet-valued functions: £ (x) = fr(x)lea + fa(X)ecor + fB(X)E2,,
where 1001,5iol,5301 are hyperimaginary units, sz’ol = 1. Numbers of the
form € = x1 + yeqo + 262, (€3, = 1) were considered by GREAVES [10].
According to Greaves, these numbers are called the triplet or 3-cycle
numbers. We shall call them the color numbers. The product of two
color numbers C1 = ag + a1&.0 + agegol and Cy = by + b€ + b2€gol is
given by

C1Co = (ag + a16co + age?,)) (bo + biccor + bac?,) =

(agbo 4 a1bg + agby) +(a1bg + agbs + agby)ecor+ (azbo + a1by 4 agb)e,;.

Thus, the color product is isomorphic to the 3-point cyclic convolution.
The color conjugate € of a color number C = x 4 ye o + 25301 is defined
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by C = T+ Yecol + zszol = T+ YEcol + Zgzol =X+ 2€c0 + ysgol. The norm
||| = CC is given by ||C||* = CC = (2? +y* +2?) — (xvy +x2 +yz). Each
color number has three modules

IIClh =z +y+zl, [€]lz2= \/x2+y2+32—xy—xz—yz,

I€]ls = /2% Ty + 2 — Bayz

possessing the properties: ||C1Cz||;=|C1]}s||C2|l;, i =1,2,3 and ||C||3 =
|C||3]|€]|;. Triplets, strictly speaking, do not form a 3D field, but form
an associative so-called triplet (color) algebra

AP =AFHR) = A3(R|1, ecor, €2y1) = R1 + Reco + ReZy.
Greaves [10] considered a color number z + ye + ze2 (here, € = €.¢)

ol Z
As n)

A (igigip) Il me,(C)

Figure 4.  Geometric interpretation of triplet algebra

as a point of 3D space and gave the following geometric interpretation
of triplet operations. He constructed a sphere (see Fig. 4) with the
center at the origin and denoted intersection points of the sphere with
the coordinate axes X,Y, Z in the positive direction by I, m,n, respec-
tively. He drew a circle via points [, m,n; the “symmetrical axis” ey,
was drawn via the center of this circle and the origin; the “symmetrical
plane” E. is perpendicular to the axis ej,. Then Greaves considered
rectangular projections of color numbers € on the axis e;, and plane
E ;. Furthermore, he proved that every triplet € can be represented as
a sum of a real number being depicted by a rectangular projection of
the triplet on the axis e;, and a complex number being depicted by a
rectangular projection of the triplet on the plane E.;. Therefore, the
color algebra is the direct sum of the real R and complex C fields:
A3(R,C) = R-e; + C-Ey = R@ C, where e, := (1 +¢ +2)/3,



Clifford Algebras as a Unified Language 11

Eo, := (1 + wse? + wie)/3 are orthogonal “real” and “complex” idem-
potents (e%u = ey, Ezh = E, eEcn = Ecper, = 0), respectively, and
w3 = e Therefore, every color number € = z + ye! + 2¢2 is a lin-
ear combination C = x + ye! 4+ 222 = ai, - ey + Zen - Ean, = (aqu, Zen)
of the “scalar” aj,ep, and “complex” parts z.,E., in the idempotent
basis {ejy, Ecp}. We will call the real numbers a;, € R the luminance
(intensity) numbers, and the complex numbers z., = b + jc € C the
chromaticity numbers. Obviously, aj,ep, := Cep, = (x + yeb + 262)ey, =
(x+y+2)ew, zenEen = CEy, = (z+yel +262)E, = (v +wiy+203)Eep,
where ajy = x+y+2, 2z =x+ w%y + zw%. In the new representation
two main arithmetic operations have very simple forms:

C1 £ Co=(are +z1Ee) £ (a2ey, +22Eq) = (a1 £ az)ep, + (21 £ 22)Eqp,

C1C2 = (arep + z1Ech) (a2ery, + 22Ecy) = (a1a2)ep,+(2122) Eep,

or, briefly, €1 + C2 = (a1,21) & (a2,22) = (a1 £ az,21 £ z), C1Cy =
(a1,21) - (a2,22) = (a1a2,2122). For C we have C = x 4 yel + 22 =
apy * €1y + Zeh, - Bep = (apy, Zen ). Therefore,

1€l =1z +y + z|=lawl, |[C[F=]a*+y*+ 2%~ vy — xz — yz|=||zenl

€115 = |2 +4° + 2° — Bwyz| = |atu|zcnl*.

The norms ||.||1, ||.]|2 are called the luminance and chromaticity norms,
respectively. We can consider a color image in the two forms:

fclilet(xa y) = fR(xa y)lcol +fG(xa y)gcol + fB(xv y)ggol -

flu(xa y)elu+ fch(ilf, y)Ech-

In the second form we have separated the color image into two terms: the
luminance (intensity) term fy,(z,y) and the chromacity term f.,(x,y)
(color information). This color transformation is a linear projection (see
Fig. 4) of the color vector-valued pixel in the color space on the diagonal
vector ey, := (1,1,1) = ir +ig + ip and on the 2D plane 7., (C) which
is orthogonal to the diagonal vector e, : m.,(C) Ley,. The vector ey, is
called the luminance (white) vector and the 2D plane 7., (C) is called
the chromacy plane of RGB-space. The triangle A(irigin) || men(C)
drawn between three primaries igigip is called the Mazwell triangle.
The plain 7., (C) is equipped with the structure of the complex field C.

Therefore, we can consider an RGB image as a pair of images £25(x) =

(fru(x), fen (x)), where fi,,(x) := (en[£5"(x)) = fr(x) + fo(x) + f(x),
fen(x) = feor(x) — fiu(x)ew, and (fiu(x)[fer(x)) = 0. Here, fu(x) :
R? — R7 is a real-valued image (grey-level image) and f.;(x) : R? —
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7 (C) is a complex-valued image. Hence, each pixel is represented both
by a real number f;,(x) for the luminance and a complex number f.;(x)
for the chromatic information. The argument of the complex number
f.5(x) is directly equivalent to the traditional definition of hue, and the
modulus of the complex number is similar to saturation. Changes in
both the surrounding world and mental space of reality such as intensity,
color or illumination can be treated in the triplet algebra language as
the action of some transformation groups in the perceptual color space
A$. Let us consider some of them.

1 Let A = (1,€"). Then transformation of color images £/¢*(x) —

Af.(x) = (1,e%) - (fru(x), £ (X)) = (fru(x), £ (x)) changes
only the hue of the initial image. The set of all such transforma-
tions forms the hue orthogonal group HOG(2) := {(1,e'?)| ¥ €
C}.

2 Now let A = (1,A), A > 0. Then transformation of color images
£ (%) — Afeqr(x) = (1,A) - (fru(x), £a(%)) = (fru(x), Men(x))
changes only the saturation of the initial image. The set of all such
transformations forms the saturation dilation group SDG(2) :=
{(1,a)| a € RT}.

3If A = (1,2cn) = (L, |zcn|e?), then transformations £ (x) —
Afcor(x) = (1, |2en|€™) - (fiu(x),fen (%)) = (fiu (%), [2cn | fen (%))
change both hue and saturation of the initial image. The set
of all such transformations forms the chromatic group CG(2) :=

{(chh) = (17 |Z|€w)) | |Zch|€w) € C}

4 It A = (au,Zen) = (ry,|Zen|e’?), where a > 0, then transfor-
mations fclift(x) — Af1 (%) = (agu, |Zenle™?) - (fru(x), fon(x)) =
(a1 f1u(X), |Zen |€"Pfen (%)) change luminance, hue and saturation of
the initial image. The set of all such transformations forms the
luminance-chromatic group LCG(2) = {(alu,zch) | (e € RT)&

(Zch S C)}
3.1.2 The Young—Helmholtz k-cycle model of multicolor
images. = We will interpret multicolor images (1) as multiplet-valued
signals

frreol(x) = fo(%)1nseot + F1(X)Ehseor + - - - + fro1(X)eh s, x € R,
which take values in the multiplet k-cycle algebra

Aol .= Rl peor + Relyey + - + Reb L
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where 1,4, Eﬁ/lclol (Eﬁ/lcol =1) are multicolor hyperimaginary units.
We will denote them by 1,e',...,e* 1. This algebra is called the mul-
tiplet (multicolor) algebra. One can show that this algebra is the direct
sum of the real and complex fields:

klu kch
AMeol _ Z[R el ]+ Z[C "B, ] = Rt g Chen,
i=1 j=1

where kj, = 1,2 and k., = g ;1 if k£ is odd or even, respectively, and
el and E’ /, are orthogonal 1dempotent units such that (elu)2 = e,
€i€; = €;€i, (Eih) Eih? EZchE]h = EchEch’ and e, E}, = E]helu =0,
for all 7, j. Every multiplet € can be represented as a linear combination
of kj, “scalar” parts and k., “complex” parts:

klu

€= Z elu +ZZ] c

The real numbers a; € R are called the multi-intensity numbers and
complex numbers z; = b+ ic € C are called the multi-chromacity num-
bers. Now we will interpret the multicolor nD image appearing on the
nD retina as a multiplet-valued nD signal of the form:

klu
£R(x) =D [fh(x) - ef,] +Z ) B =
=1

(AL, S0 £, i ().

Here, the argument x belongs to the nD vector part GRPY" of the space
algebra Agf . Changes in both the surrounding world and mental spaces
of reality, such as multi-intensity and multi-color, can be treated in the
language of multiplet algebra as the action of the following transforma-
tion group in the perceptual multicolor space A% col Letting

k k
A= (a’lluv" aljf? (lzhu"'achih) =
(al,... akm; |2k e |22, |e?P2, ..., \zfﬁhye"“’kch),

the following transformations of a multicolor image

chol(X) — -Achol(X) =

(078,60 £ (0 [y 9 15,60 ol 90 £
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change multi-luminancies, multi-hues and multi-saturations of the initial
multicolor image. The set of all such transformations forms the multi-
luminance/ multi-chromatic group MLCG (k) := {(a},, . .. ,aﬁi“; zh ...,

ke ; j
z,") | aj, € RT, 2, € C}.

3.1.3 Multiorthounitary transforms of multicolor images.

A 2D discrete multicolor image can be defined as a 2D array fﬁﬁoz =

N
[fﬁfc@l(i, j)] , i.e., as a 2D discrete A%wl—valued function of one of
ij=1
the following forms:

£R6L (G 5) - 23 — AMeel gRet(; gy - 73 — RFw @ Chen,

Here, every color pixel £t (i, j) at position (i, j) is a multicolor number

of the type £ (i, 5) = fo(i, /) 1arcor+ f1(is 5)ERoy - - -+ Fro1(is 5)ehr L,
. Eiw 105 [ s ; ke i R
or Of the type fﬁitol(za.])) = Zilzl[flzu(%]) : e;u] + Z]:hl[ gh(za.]) : Eih] -

(fllu(i,j), ey ﬁf“(i,j); fclh(i,j), e, fﬁh(z,j)) In particular, for color
images, we have £ (i, j) = f+(i, j)+ fo (i, 5)e" + fo(i, j)e* and £ (i, j) =

fru(i, 5) et + £ (i, 5)Een. The set of all such images forms N2D Greaves—

2
Hilbert space (Aﬂ/f COl)N . The vector space structure of this space is de-
fined with multiplication by triplet-valued scalars (Cf)(i,j) := Cf(i,5).

2
Our N2D Greaves-Hilbert space (A,]ywl)N over A,]y“’l can be inter-

2
preted as kN2D Hilbert space over R, i.e., as (A,]ywl)N = RM"1 +

RN el + ..+ RN25k_1, or as a direct sum of N2D real and complex
Hilbert spaces

N2 klu 5 . kch 5 . klu 5 kch 9
(atren) " = [ DRV e, |+ [PV EL ] = [ PRV ][ P
i=1 j=1 i=1 j=1
2
In particular, for color images (AgOl)N = RM 4+ RV + RV 252, or

2
(AgOl)N =RM o CNQ, where RNQ, RN2€1, RV?£2 are real N2 Hilbert
spaces of red, green, and blue imaggs, respectively, RV * is N2D real
space of gray-level images, and CV" is N?D complex space of chro-

2
matic images. Let (A]k\/[ col )N be a N? Greaves-Hilbert space over A} col,

2 2
We say that the operator £op : (A%COI)N — (A%COI)N , Sgp[fﬁec’;l] —

2
F]\R/fgol is multicolor linear if and only if for all fﬁ‘i@l, gﬁectol € (A%COI)N

and for all € € AY Loplfiiel, + gilft,)] = Laplfife,] + Lanlgifil;
Lop[Cffict 1 = CLyp[flict ]. Otherwise, we call Lop multicolor nonlin-
ear. If £op is a multicolor linear operator and ||det(£2p)||3 does not
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vanish, then we call operator £op nonsingular. Otherwise, we call £op
singular. The inverse £, [1) of an operator £op exists if and only if £9p
is nonsingular. £, 5 is calculated in the same way as an ordinary in-
verse matrix. The set of nonsingular multicolor linear operators form
the general multicolor linear groups over multiplet algebra A%wl and is
denoted by GL(N, A]k\/[“’l). It is then easy to define the adjoint opera-
tor £5, for the color linear operator £op whose essential properties are
(f1feor L208fcor) = (£3pfNcoi 8N eor), and for 185p 2€2p the property
(1£2D QSQD)* = 2£;D 1£;D is true.

2
DEFINITION 1 A multicolor linear operator L£op on (A,]ywl)N is said
to be multi-orthounitary if £, 5 =£5p-
Multi-orthounitary operators form the multi-orthounitary group MOU

= MQOU(AMeel). This group is isomorphic to the direct sum of ky, or-
thogonal and k., unitary groups, MOU(AM!) =

kiy, kiy,

(ot + [Suiom) - [Som] e [Suic)

In particular, the orthounitary group of transformations for color images
has the decomposition: QU(A$?) = O(R)e;, + U(C)E,y,. Every element
of MOU(AM<!) and OU(A$?) has the representation:

klu kch
Cop = [@ OZQDe;u] + [@WQDE@J, Lop = Ozpey + U2pEen, (2)
i=1 j=1

where 0%, € O(R), Ozp € O(R), and W, € U/(C) Uyp € U(C) are
orthogonal and unitary transforms, respectively. For multicolor image
processing we shall use separable 2D transforms.

DEFINITION 2 We call the multi-orthounitary transform £op[£3< ] sep-
arable if it can be represented by Lop[ER ] = Lip[fRe 19Mp, i.e.,
Lop = L£1p ® Mup is the tensor product of two 1D multi-orthounitary

transforms of the form:

ki kcp
Lop=Lip® Lip= [@ (0} ® 0%) efu} + [@ (Wl ® u;) Eih} (3)
=1 j=1

for multicolor images, and the tensor product of two 1D orthounitary
transforms Lop = £1p @ £1p = (01 ® O2)ey, + (Us @ Ug)Ey, for color
images, where O%, Q% and W}, U} are 1D orthogonal and unitary trans-
forms, respectively.
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Figure 5. Color Walsh—Fourier 20§ = We;, + FE.,, Hartley—Fourier HTF =
Hte;, + FE.; and Haar—Fourier HSRF = Hre;,, + FE.; transforms, respectively

In particular, we can obtain any orthounitary transform, using any
two pairs of orthogonal O1,05 and unitary transforms Up, Us. It is
possible to use one pair of orthogonal and unitary transforms, when
01 =035 =0 and U; = Uy = U. In this case we obtain a wide family of
orthounitary transforms of the form: £op = (0O ® O)ey, + (U @ U)Ep
using different 1D orthogonal transforms. The following table shows
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some of the possibilities:
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| || F | cw | CFP | CH |
\Y\% We, + FEqn We, + CWE,;, Wep, + CFPE,, Wey, + CHE,
Hd || Hde, + FE., | Hdey + CWE., | Hdey + CFPE., | Hdey, + CHE
Ht Hte;, + FE., | Htep + CWE., | Htep + CFPE Htep, + CHE.p,
Hr || Hrey, + FE., | Hrep + CWE., | Hrep + CFPE ., | Hrepy + CHE,
Wv || Wve, + FEn | Wve, + CWE., | Wvep, + CFPE., | Wve, + CHE,

where W, Hd, Ht, Hr, Wv are Walsh, Hadamard, Hartley, Haar,
and Wavelet orthogonal transforms, and F, CW, CFP, and CH are
Fourier, complex Walsh, complex Fourier—-Prometheus, complex Haar
transforms. Every pair (O, U) of an orthogonal O and a unitary U trans-
form generates an orthounitary (color) transform £ = Oey,+UE},. Some
examples of basis color functions of color transforms 20§ = We;, + FE,,
HTF = Htey, + FE, HRF = Hrey, + FE,;, are shown in Fig. 5.

3.2

3.2.1 The Hering Z /2Z-graded model of color images. Let
us consider 3D color space Ri’ol = RJr+ RJg+ RJp spanned by three
new hyperimaginary units J; (i = 1,2,3 or i = R,G,B) : J; = Jgr
(red unit), Jo = Jg (green unit), J3 = Jp (blue unit). We assume
J% = a,, J3 = a4, J% = ap, where a,,aq,a; € {+1,0,—1}. We assume
JP=+lfori=1,...,a, JEP = ~1fori=a+1,....,a+83, J2 =0
fori =a+4+p6+1,...,aa+ 0+, where a + 3 + v = 3. Further, we
construct a new color Clifford algebra Aggl(a’ﬂ’V)(JR, Ja,Jp) = RJp +
(RJp+RJz+RJIp)+ (RJIrc+RJIrs +RJep) + RIwn, where Jg; = 1,
Jwn = JrJgJp are black and white units, Irg := JrJg, JrB := JrJIB,
Jap := JgJp. This is an algebra of generalized color octonions with
signature (a, 3,7).

Algebraization of the Hering model

DEFINITION 3 The functions £/¢: 9R£’q’r—>.A§Ol(a7ﬁ7’Y)(JR, Ja,JB) of the
form:

£7(x) = fr(x)Jp + (fR(X)JR + fa(x)Ja + fB(X)JB) +

+(fRG(X)JRG + frB(X)JRB + fGB(X)JGB) + fwn(x)Jwn

are called the Agf;l(“ﬁ _valued color nD images appearing in the human
Visual Cortez.

The second opponent cells map R,G,B components on the 4D unit sphere
fél—l-ffm-l-f]%B—kféB = 1, where fra, frB, faB, [B1 are black, red-green,
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red-blue and green-blue components, respectively. Therefore, resulting
from the capacity of this algebraic model of color image, we can formu-
late the spin-valued function

£F(x) := fri(x)Jp + (fRG(X)JRG + frB(x)JRB + fGB(X)JGB>

which has values in the spin part Spin(flgd)(] R, Ja,J B)) of the color
Clifford algebra.

DEFINITION 4 The functions £V¢: R? — Spm(/lgd(JR, Ja, JB)>, and

col

fVY¢. R — Spm(ﬂg(’l(JR, Ja, JB)> are called the spin-valued color 2D

col
and nD images, respectively.

For this model, color changes in both the surrounding world and men-
tal spaces can be described as the action of the color spinor trans-

formation group in the perceptual color spaces A§°l and Spin(fl§°l>.

col

fV9x) — £VC(x)C;" and £/C(x) — Cof ¢ (x)C,! are called the

left, right and two-sided spinor-color transformations of fc‘glc(x), respec-
tively.

If ¢ € Spin(ﬂgd), then the transformations fc‘glc(x) — CofVC(x),

3.2.2 The Hering Z /kZ-graded model of multicolor images.
To form the algebraic model of multicolor images in the animals’ VC,
we consider a k"D multicolor quantum Clifford algebra

Qeﬂi/xol(ao,al,...,ak—l)(Jl’ ey Jm)

(i.e., Clifford algebra with signature (ag,aq,...,a5—1) and deformed
by a k primitive root of unity wy) generated by multicolor hypercom-
plex units Jy, ..., Jy, with relations Jf = wY for oy hypercomplex units,
Jf = w! for o hypercomplex units, ..., Jik = Wk for ay_; hyper-
complex units, and J;J; = wiJ;J;, if i < j, where g + a1 + ... +
ap_1 = m, w = V/1[9. The elements J* = J;'---J5m form a ba-
. Mecol(ag,a1 .., —1) m
sis of QCAm (Jis-.-5Jm), where s = (s1,...,s,) € B,
s; € B ={0,...,k — 1}. We shall denote this algebra by QGA%EOZ, if
J1y .oy JIm, and (ag, o, ..., a,_1) are fixed. In the particular case when
k=2 (wp=-1),m=3and agp = «, a1 = 3, ag = 7, the kD quan-
tum Clifford algebra QGA%COZ(O‘OM"”’%_I)(Jl, ...y Jm) is the generalized

color octonion algebra Agoz(a”g 7 We can make QGA%COZ be a ranked
and Z/kZ-graded algebra. Let r(s) be the Hamming weight of s, i.e.,



Clifford Algebras as a Unified Language 19

a functional r : B — [0,m — 1] defined by r(b) := /", [1 — dos,
and let d(s) = > ", s; (mod k) be the grad of s. We set QGA,E_,L
SPAN{JS\ r(s) = 7“}, obtaining the ranked sum

=

QRAM ! = @ QcAll.

By setting QCA = SPAN{JSy d(s) = | mod k} we get the Z/kZ-

graded R-algebra QCAM! = @ QGAIEQL We put 9(€) = [ and say

that [ is the degree of C. . We say that ®, and ®, are graded and

ranked automorphisms if ®,(Q€AL}) = Q@A,{ji and @, (9€A[,) =
QGA,[:,L forall ] =0,1,...,k—1, and r = 0,1,...,m, respectively. Let
QGAE,],L = SPAN{JS | r(s) = 1} be the vector part of the quantum

Clifford algebra QGAM ! Then the set of automorphisms of unit modu-
lus @, (QGAI%) = QGA[ | forms a transformation group of QGAM We

shall call it the quantum spinor group and denote it by
QSpin (Q@AMwl ) .
DEFINITION 5 The functions

£/C(x): GREPPar) — geAN o) (g gy

Meol\ X

£FVC (x): GRSPPar) QSpin(QGAQ{fOl(ao’al""’ak*l)(J1,...,Jm))

Mecol\X

are called the nD Cliffordean-valued and quantum-spin-valued images
appearing in the animals’ VC.

For this model, multicolor changes in both the surrounding world and
mental spaces can be described as the action of the quantum spinor

transformation group in the perceptual color spaces QSpln(QGAMCOl)
and QGAM ol If @y € QSpln(QGAM Coz) then the transformations

chol( )—> eOchol( )

chol( )—) Mcol( )e ! and f]\‘ilgol(x) - eof]\‘ggol(x)eal
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are called the left, right and two-sided spinor-color transformations of
f]\‘}gol(x), respectively. Further, we interpret an image as an embed-
ding of a manifold in a spatial-multicolor Clifford algebra of higher di-
mension. The embedding manifold is a “hybrid” (spatial-multicolor)
space that includes spatial coordinates as well as color coordinates. For
example, a 2D color image is considered as a 3D manifold in the 5D
spatial-color space R‘i’gpcol(]l,fg; Jr,Ja,JB) = (RI1 + RI;) @ (RJg +
RJs + RJp) = R%p @® R3 ,, whose coordinates are (z,y, fr, fa. [B)
where x € RIi, y € Rl are spatial coordinates and fr € RJg,
fa € RJg, fB € RJp, are color coordinates. It is clear that the ge-
ometrical, color and spatial-multicolor spaces Rgp, lewcol, Rg;ﬂiﬁl_ b

generate spatial, color and quantum spatial-multicolor Clifford algebras

S s4y Mcol ’ EARR] - SpMcol yq,T;Q0, s —
AP®an) Qe an k) [ geATPA el P Ta0 0 0ht) pagp ac.

tively. Here, all spatial hyperimaginary units commute with all multi-
color units.

3.2.3 Clifford-unitary transforms of multicolor images.
2D discrete Cliffordean-valued images appearing in the animals’ VC can

be defined as a 2D array £/,5, = [£V,< (i, j)]f}szl. Here, every pixel

f]\‘gc ,(4,7) at position (4,7) is a quantum Clifford number of the type
£Y5 .G, 5) = X fs(i,7)J®. The set of all such images forms the N2D
eB?

S k N2
Clifford-Hilbert space L(Z?V,QGA%LCOZ) = (QGA%’”Z> . The vector
structure of this space is defined with multiplication by Clifford-valued
scalars (Cf)(4,4) := Cf(4,j). We say that the operator

N2 N2
Sop : (Q@A%ﬂwl) —>(QGA%?OZ> . ie, LoplfVC]=FYC,

2

N
is Clifford linear if and only if for all f]\‘ﬁ[gozv gj“//gol € (QG A%COI> and
for all @1, Cy, By, By € QCAMe!

Lo0 [C1EN S0 B1 + CoglfeB2] = C1Lop[fY 5] B1 + C2Lan[gh oo Bo-

Otherwise we call £op Clifford nonlinear. 1f £op is a Clifford linear
operator and ||det(£2p)||3 does not vanish, then we call the opera-
tor Lop nonsingular. Otherwise L£op is singular. The inverse 22_5 of
the operator L£op exists if and only if £op is nonsingular. The set of
nonsingular Clifford linear operators forms the general Clifford linear

groups over the quantum Clifford algebra QGA%COZ and is denoted by

GCL (N , QGA%‘”). It is then easy to define the adjoint operatorf;,
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for the Clifford linear operator £op, whose essential properties are

<chol‘£2DgMcol> <£2D Mcol‘gMcol>

and for the product 1 £op 2£op we have

(1L2p2L2p)" = 2855 1L5p.

The Clifford linear operator £9p is said to be Clifford-unitary if
L0 = Lop-

Clifford-unitary operators form the Clifford-unitary multicolor group
CU (N QGAM COl) For multicolor image processing we shall use separa-
ble 2D transforms. The Clifford-unitary transform £op[fV< ] = FY<
is called separable if it can be represented by F]\Vfiol = £9p chol] =
£ip [f]\‘ggol] Mip, i.e., Loap = L£1p ® My p is the tensor product of two
1D Clifford-unitary transforms.

4. Hypercomplex-valued invariants of nD
multicolor images

4.1 Clifford-valued invariants

Let us assume that fy . (x) : RS, — Aﬁ/f cl js an image of a multi-
color nD object. It appears on the nD eye retina as a function fﬁeci)l(x)
of space variables x € Vecl(Agf ) = GRIPPAT) with values in the mul-
ticolor algebra AMeol . fliet (x) . GROPPar) _, AMeol Thig image
can be considered in the VC as a function f},¢,(x) of the same space
variables x, but with values in the multicolor quantum Clifford algebra
QeAY! e, as £YC (x) : GREPPeT) — QRANM! We shall denote
both algebras A} ol and QGA%COI by AMeol Changes in the surround-
ing world can be treated in the language of the spatial-multicolor al-
gebra as an action of two groups: the space affine group Aff(GRP9")
acting on the physical space Vecl(Agf ) = GRPY" and the multi-color
group MLCG(k) acting on Aeel (if AMeol = AMeoly or the quan-
tum spin group Spln(QGAMCOl) on QCAMel (if AMeol — geAMel) We
shall denote both groups Spm(QGAMCOl) and MLCG(k) by MengMcol :
Let GSPMeol —  AfF(GRSPPT)) 5 MEGRM! be a spatial-multicolor
group, and (g°?, gMe!) € GSPMeol where g7 € AfF(GREYT), gMeol ¢
MEGRMel 1t x € GRIP(P:@7) ig g generalized space Clifford number and
€ e AMeol is o multicolor quantum Clifford number, then all products
of the form xC are called spatml color numbers. They form a space-
color algebra ASPMeol . AQ,{’ ® AMeol Here, we assume that all spatial
hyperimaginary units commute with all color units.
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DEFINITION 6 The ASPMeol _yalued functional § = M[fyreor(X)] of the
image fureo1(x) is called the relative GSPMel_inyariant if

9 =M {8" o farea (8" 0 %) } = € M{farear(3)} - €71,

Vg € GSPMeol yhere @, C~Lare left and right ASPMeoyalued multipliers.
If € =1 then{ is called the absolute invariant and denoted by J.

Let ¢ be the centroid of the image fasco(x).

DEFINITION 7 The functionals

My, = M{fareor} = / (x — ©)Pfpreor(x)dx

xEGRIP

are called the central ASPM_yalued moments of the nD image faseor (x),
where p € Q are rational numbers.

Let us clarify the rules of moment transformations with respect to dis-
tortions of color and geometry of the initial images. If fy7.,(x) is the
initial image, then ff"%mw (x*)= eO{chol AEo(x+w)EYY }Gal denotes
its AMeel_multicolor and GRE?"-geometrical distorted copy. Here v, w
are nD vectors. Summing v with w brings us to image translation by
the vector w, two-sided multiplications )\80(X+w)851 by A& and 851
equivalent to both an nD rotation of the vector z + w and a dilata-
tion given by the factor A. Here, fyrcoi — CofareaiCo 1'is a multicolor
transformation of the initial image.

THEOREM 2 The central moments My, of the multicolor images fysc01(%)
are relative ASPMeol_yalued invariants

8p{)\80wf]?4ocol} = Mp{Ason]\G/[Oco[} = ()\p-l—ne(]gg) Mp{chol} (8apeal>

with respect to the spatial-multicolor group GSPMeol with both ASPMeol.
valued left multipliers Go)\p+388 and Agf—valued right multipliers &,7,
respectively (see Fig. 6), and the normalized central moments

|Np{>\80wf1\6/focol}| = |Mp{>\ﬁowf]\e/})col}mgil{)\SOWf]?/[Ocol }| /|M110{>\Eowf]\e/})coz}|

are absolute scalar-valued invariants, with respect to the same group,

ie., Jp = [Nplneowfstoor H = [Np{farcor}-

Now we consider the most important cases for invariants of grey-level,
color and multicolor 2D and 3D images.
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fmcol(x) eOfmcol()‘SO (X + W)gal)eal
Ao(X +w)Eg?

| aneeh (g eyt |
N {Eneor (%)} o (8N, (et ()15 ) €5 !

Figure 6.  Transformations of ASPM¢°!_yalued moments with respect to the spatial-
multicolor group Gipkooz

4.2 Complex and quaternion invariants of 2D
and 3D grey-level images

Let 9@5% ={z=z2+1Iy|z,y €R; I?=—1,0,+1} be a generalized

spatial complex plane. Then a grey-level 2D image f(z,y) can be consid-
ered as a function of a generalized complex variable, i.e., f(z,y) = f(2),

where z =z + Iy € 9651’. Let ¢ be the centroid of the image f(z).
DEFINITION 8 Functionals of the form

iy, {f} = (z —c)’f(2)dz

ZGSGQSP

are called the one-index central Agp -valued moments of the image f(z),
where dz := dzdy, and p € Q are rational numbers.

Let us clarify the rules of Agp -valued moment transformations under
geometrical distortions of the initial 2D images. We will consider trans-
lation, rotation and scaling transformations. If f(z) is the initial image,
then fy w(z) = f(v(z + w)) denotes its geometrical distorted copy.

THEOREM 3 The central moments my,{f} of the image f(z) are relative
ASP-valued invariants

Hp{fv,w} = mp{fv,w} = Vp‘V’2mp{f}

with respect to the affine group Aﬁ"(SGgp ) with Agp -valued multipliers
VvPv|? = elP?|v|PT2 (see Fig. 7), and the normalized central Agp—
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valued moments Np{fyvw} : = r’np{fv,w}r’ngfl{fv,w}/rhf{fww} are ab-
solute Agp-valued invariants with respect to the same group, i.e., J, =

Np{fv,w} = Np{f}

v(z +w)
f(2) f(v(z +w))
M M
vP|v|?
1, {f(2)} v |v[Prin{f(2)}

Figure 7.  Transformations of A§ P_valued moments with respect to the affine group
AfF(5€57)

Let us consider a 3D grey-level image f(z,y, z). This image can be con-
sidered as a function of a generalized quaternion variable q = (zI +yJ +

zK), ie., f(z,y,z) = f(q), where q € Vec{Afp} = GR3. Let ¢ be the
centroid of the image f(q).

DEFINITION 9 Functionals of the form

M, {f} = / (a - o)f(a)dq

qeGR?

are called the one-index central Afp -valued (quaternion-valued) mo-
ments of the grey-level 3D image f(q), where p € Q, and dq := dzdydz.

Let us clarify the rules of moment transformations with respect to geo-
metrical distortions of 3D images. These distortions will be caused by
1) 3D translations ¢ — q + w, 2) 3D rotations q — Qo(q + w)Q7 1,
where Qy = €"0%/2, 3) dilatation: q — Aq, where A € R*. If f(q) is
an initial image and fyg,w(q) its distorted version, then fio,w(q) =
F(AQo(q+w)Q5).

THEOREM 4 The central moments M,{f} of the 3D grey-level image
f(aq) are relative A3P-valued invariants

) = ot = () )
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f(a) FAQo(a+w)Q5h)
AQp(q + W)Qal

\ AP+3 Qg{.}Qap

Mp{f(a)} NSQEAM{ (@) Q"
Figure 8. Transformations of Afp—valued moments with respect to the group
AFE(GE57)

with respect to the group Aﬁ"(SC’.gp ) with left Afp -valued multipliers \PT3Qb
and with right Afp -valued multipliers Q)" respectively (see Fig. 8), and
the absolute values of normalized central moments

Nol = VG o (@IVE™ {frogw(@)}| / |ME {Frapw(a)}

are absolute scalar-valued invariants with respect to the same group, t.e.,

jp = ‘Np{fAQow}‘ = ‘Np{f}‘-

4.3 Moments and invariants of color 2D and 3D
images

Let gegp = {z =21+ Iao | x1,20 € R;I? = —1,0,+1} be a gen-
eralized spatial complex plane. Then the color image f.,(z,y) can be
considered as a triplet-valued function of the generalized complex vari-
able z = x1 + Ixg, ie., as f.(z,y) = f.(z), where z € 965%. Let
zZ € 9@§p be spatial and A € ASCOZ be color triplet numbers. Then all
products zA will be called spatial-color numbers (or Hurwitz numbers).
They form the 6D space-color Hurwitz algebra AZPC" .= ASP @ AS°L.
We assume that all spatial hyperimaginary units commute with all color
units. Therefore, AP = AP @ A§? = ASl @ A5P. Let ¢ be the
centroid of the image f.,(z).

DEFINITION 10 Functionals of the form

M, = (z — ¢)Pf.o(2z)dz

zeﬂgp
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are called the central AngOl—valued moments of the color image f.,(z).

Let A = (ayy,zcn) € A3C"l . Let us clarify the rules of moment transfor-
mations with respect to distortions of color and geometry of the initial
images. If f.,/(z) is the initial image, then v wf2,(2) = Af.q(vV(z+wW)) =

af1,(v(z + w)) - ey, + zenfon(v(z + w)) - Eop, denotes its LCG(3)-color
and Aff (9(‘,’5% )-geometrical distorted copy.

THEOREM 5 The central moments Mp of the color image f.,(z) are

relative Agp Col_yalued invariants

Ipfvawtio} = My{vwly} = AVV VM {feor} (5)

with respect to the spatial-color group AfF(GC5P) x LCG(3) with AP -
valued multipliers AvP|v|? (see Fig. 9), and the absolute values of the
normalized central moments

Nl = [ L BN (o 3| / |V (o 0}

are absolute scalar-valued invariants, with respect to the same group,
ices 3y = [N luwtA | = [N i}

A
fcol(z) Afcol(v(z + W))
v(z +w)
M M
‘ AvP|v|? ' ‘
Mp{fea(z)} -AVp’V‘QMp{fcol(Z)}

Figure 9. Transformations of relative A5

spatial-color group Aff(GC57) x LCG (3)

-valued moments with respect to the

Let f.,;(q) be a color 3D image depending on the pure vector generalized
quaternion variable q € Vec{flfp } = GR3. If q € CR3 C Ajfp is a
generalized quaternion and A € A is a color number, then all products
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of the form qA are called spatial-color quaternions. They form a space-
color algebra ASPCO .= AP @ AC°L — AC @ ATP.

DEFINITION 11 Functionals of the form

Mp{fcoz} = / 9923((1 —¢)f.01(q)dg
qe

are called the one-index central A°P¢°valued moments of the color 3D
image f.5(q), where p € Q, and dq := dzdydz.

Let us clarify the rules of moment transformations with respect to ge-
ometrical and color distortions of 3D color images. If f.,(q) is an
initial image and owf%;(q) its distorted version, then rowf%,(q) :=
Af.;(AQ(q + w)Q~1).
A
fcol (q) ‘Afcol()‘Q(q + W)Qil)
AQo(q +w)Qy "

. bOWRAL 9" ,
jWp{&ol (q)} )\p+3 Qg‘AMp {fCOl (q) }Q(;p

Figure 10.  Transformations of ASP¢°!_valued moments with respect to the spatial-
color group Aff(G€57) x LCG(3)

THEOREM 6 The central moments Mp{fcol} of the 3-dimensional color
image f.o1(q) are relative APC° valued invariants

g {8} =3, {8} = (A0 ) (07)

with respect to the group Aﬁ"(SC’gp) x LCG(3) with left ASPC yalued
multipliers ANPT3QE and with right Spm(flfp )-valued multipliers Qg ",
respectively (see Fig. 10), and the absolute values of the mnormalized
central moments

NofreowESTH = [V Deow S ME ™ DeawfS | / M Greow £S5
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are relative scalar-éjalued tvariants, with respect to the same group,
i.e., Ip = | Np{agowlog H = [Np{feor}|-

5. Conclusions

We have shown how Clifford algebras can be used in the formation
and computation of invariants of 2D, 3D and nD color and multicolor
objects of different Euclidean and non-Euclidean geometries. The theo-
rems stated show how simple and efficient the methods of calculation of
invariants are that use spatial and color Clifford algebras. But how fast
can the invariants be calculated? The answer to this question the inter-
ested reader can find in [2], where Fourier—Clifford and Fourier-Hamilton
number theoretic transforms are used for this purpose.
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