UNIQUENESS SETS FOR THE SPHERICAL TRANSFORM

Lawrence Zalcman

A set E ⊂ Rn is called a uniqueness set (or an injectivity set) for the spherical
transform if, whenever f ∈ C(Rn ) and
Z
(1)
f dσ = 0
S(x,r)

for all x ∈ E and all r > 0, f must vanish identically. Here S(x, r) is the (n − 1)dimensional sphere of radius r about the point x and σ is area measure on S(x, r).
Problem. Characterize uniqueness sets.
In the discussion below, we shall take (solely for simplicity’s sake) n = 2. In
this case, S(w, r) is the circle of radius r about the point w ∈ C = R2 and dσ is
arclength.
Clearly, if E is the zero set of a (nontrivial) harmonic function u, (1) holds
with f = u, by the mean-value theorem for harmonic functions. Thus no such set
can be a uniqueness set. More generally, suppose that u is a solution to Helmholtz’s
equation
(2)

∆u + λu = 0,

i.e., an eigenfunction of the Laplacian. Then by Weber’s relation or Pizzetti’s
formula (cf. [7, pp.342-343]), we have
Z
√
u ds = 2πrJ0 (r λ)u(w),
S(w,r)

which vanishes whenever u(w) = 0. This leads to the following
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Conjecture. A set E ⊂ Rn fails to be a uniqueness set if and only if it is contained
in the zero set of some nontrivial solution of (2).
Examples. 1. Let E = {reiθj : r ≥ 0, j = 1, 2}. Then E is a uniqueness set if and
only if θ1 − θ2 = απ, where α is irrational [4].
2. Let E = {rj eiθ : 0 ≤ θ < 2π, j = 1, 2}. Then E is a uniqueness set if and only if
r1 /r2 is not a quotient of zeros of the Bessel function Jk for any k = 0, 1, 2, . . . [6].
Remarks. 1. The (global) structure of zero sets of solutions of (2) is much richer
than that of zero sets of harmonic functions.
2. The notion of uniqueness set extends in an obvious way to classes of functions
other than C(Rn ); cf. [1], [2], [3], [4], [5]. It is then natural to modify our conjecture
to say that a set E ⊂ Rn fails to be a uniqueness set for the spherical Radon
transform on functions belonging to some class F (Rn ) if and only if it is contained
in the zero set of some nontrivial solution of (2) which belongs to F (Rn ). This
fails already for F (R2 ) = C0 (R2 ), the functions of compact support [2]. Perhaps
the modified conjecture is true in those cases in which the class F (Rn ) contains a
sufficiently large supply of eigenfunctions of the Laplacian.
References
1. Mark Agranovsky, Carlos Berenstein, and Peter Kuchment, Approximation by spherical waves
in Lp -spaces, J. Geom. Anal. 5 (1996), 365-383.
2. Mark L. Agranovsky and Eric Todd Quinto, Injectivity sets for the Radon transform over
circles and complete systems of radial functions, J. Funct. Anal. 139 (1996), 383-414.
3.
, Injectivity of the spherical mean operator and related problems, in Complex Analysis,
Harmonic Analysis and Applications (R. Deville et al, eds.), Addison Wesley, London.
4. Mark L. Agranovsky, V.V. Volchkov, and L.A. Zalcman, Conical uniqueness sets for the
spherical Radon transform, Bull. London Math. Soc. 31 (1999), 231-236.
5. Rama Rawat and A. Sitaram, Injectivity sets for spherical means on Rn and on symmetric
spaces, J. Fourier Anal. Appl. 6 (200), 343-348.
6. V.V. Volchkov, Injectivity sets for the Radon transform over a sphere, Izvestiya: Math 63
(1999), 481-493.
7. Lawrence Zalcman, Mean values and differential equations, Israel J. Math 14 (1973), 339-352.
Department of Mathematics, Bar-Ilan University, Ramat-Gan 529100, Israel

